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A FAMILY OF 4-BRANCH-POINT COVERS WITH
MONODROMY GROUP PSL6(2)
DOMINIK BARTH AND ANDREAS WENZ
Abstract. We describe the explicit computation of a family of 4-branch-point
rational functions of degree 63 with monodromy group PSL6(2). This, in par-
ticular, negatively answers a question by J. Ko¨nig whether there exists a such
a function with rational coefficients. The computed family also gives rise to
non-regular degree-126 realizations of Aut(PSL6(2)) over Q(t).
1. Introduction
Let C := (C1, C2, C3, C3) be the genus-0 class vector of PSL6(2) in its natural
2-transitive action on the 63 non-zero elements of F2
6, where C1, C2 and C3 are
the unique conjugacy classes of cycle structure 228.17, 216.131 and 320.13, respec-
tively. Then, using the theory of Hurwitz spaces J. Ko¨nig [9, p. 109] established
the theoretical existence of a hyperelliptic genus-3 curve H defined over Q and
polynomials p, q ∈ Q(H)[X ] satisfying the following:
• The family F of normalized covers with ramification locus (0,∞, 1+√λ, 1−√
λ) where λ ∈ P1 \ {0, 1,∞} and ramification structure C can be param-
eterized by a rational function F = p
q
∈ Q(H)(X).
• Gal(p− tq | Q(H)(t)) ∼= PSL6(2).
In order to decide whether PSL6(2) occurs regularly as a Galois group over Q(t)
with ramification structure C, one has to check the existence of Q-rational points
on H that lead to Galois group preserving specializations. Ko¨nig also mentions
that without explicit computation of H there seems to be no way of finding an
answer to this question.
Note that PSL6(2) and PSp6(2) of degree 63 are expected to be the largest
(with respect to the permutation degree) almost simple primitive groups having a
generating genus-0 tuple of length at least 4 with the socle being a simple group
of Lie type. While multi-parameter families of polynomials with Galois group
PSp6(2) of degree 28 and 36 were calculated in [2], the case PSL6(2) remained
open. With the recent development in computing multi-branch-point covers in [2]
we are able to give explicit defining equations for H and F . Alternative techniques
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for such calculations are described by Couveignes [4], Hallouin [6], Ko¨nig [8, 9],
Malle [10] and Mu¨ller [12].
This paper is structured as follows: Section 2 depicts the computation of H and
F . The computed results are verified in section 3 and we will show that H does
not have Q-rational points that lead to Galois group preserving specializations. As
a consequence we deduce that PSL6(2) does not occur as the monodromy group
of a rational function with rational coefficients ramified over at least 4 points.
Furthermore we obtain explicit polynomials of degree 126 over Q(t) with Galois
groups isomorphic to Aut(PSL6(2)) which are presented in section 4.
2. Computation
Let C = (C1, C2, C3, C3) be the genus-0 class vector from the introduction and
F the family of all PSL6(2)-covers f : P1 → P1 of degree 63 such that:
(i) f is a 4-branch-point cover ramified over 0,∞, 1 ± √λ for some λ ∈ P1 \
{0, 1,∞} with ramification structure:
branch point 0 ∞ 1 +√λ 1−√λ
inertia class C1 C2 C3 C3
(ii) f is normalized in the following sense: The sum of all simple roots of f is 0
and the sum of all double poles is 1. Furthermore, ∞ is the unique simple
pole of f fixed under the action of the normalizer of the inertia group at
∞. Note that for any g ∈ C2 exactly one length-1-cycle of g is fixed under
NPSL6(2)(〈g〉).
2.1. Properties of F . The straight inner Nielsen class SNiin(C) of C is the set
of quadruples (σ1, σ2, σ3, σ4) ∈ C1 × C2 × C3 × C3 up to simultaneous conjuga-
tion satisfying both σ1σ2σ3σ4 = 1 and 〈σ1, σ2, σ3, σ4〉 = PSL6(2). A computer
computation with Magma [3] yields |SNiin(C)| = 48.
Since F carries the structure of an algebraic variety, various properties of F can
be studied via the branch-point reference map:
(1) Ψ :
{F → P1λ
cover with ramification locus
{
0,∞, 1±√λ
}
7→ λ
By Riemann’s existence theorem for each λ0 ∈ P1 \ {0, 1,∞} and σ ∈ SNiin(C)
there is a unique cover (up to inner Mo¨bius transformation) with ramification locus
(0,∞, 1 ± √λ0) and ramification σ. The normalization conditions stated in (ii)
guarantee that F contains exactly one such cover. As a consequence F is a curve
and Ψ turns out to be a Belyi map of degree |SNiin(C)| = 48 with ramification locus
(0, 1,∞). The ramification of Ψ, denoted by (x, y, z) ∈ Sym(SNiin(C))3, is also well
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studied and can be calculated explicitly using the formula in [11, Theorem III.7.8]
which arises from the action of the braid group on SNiin(C). This triple generates
a transitive group and consists of cycle structures (65.44.21, 74.43.32.21, 224). From
this we can deduce that F is connected of genus 3 (by the Riemann-Hurwitz
formula). Furthermore note that F can be defined over Q since all classes of C
are rational.
In the following the function field of F will be denoted by Q(F). The family F
can be parameterized by a rational function
(2) F =
p
q
∈ Q(F)(X)
with p, q ∈ Q(F)[X ] such that any element of F is obtained via specializing F at
some point in F .
2.2. Defining equations for elements in F . Fix fλ0 ∈ F with Ψ(fλ0) = λ0
for some λ0 ∈ P1 \ {0, 1,∞}. According to (i) and (ii) there exist a scalar c0 and
separable, monic and mutually coprime polynomials p7, p28, q16, q30, r3, r20, s3, s20
of respective degree denoted in the index such that
(3) fλ0 =
c0 · p7 · p228
q30 · q216
= 1 +
√
λ0 +
c0 · r3 · r320
q30 · q216
= 1−
√
λ0 +
c0 · s3 · s320
q30 · q216
where the traces of p7 and q16 are 0 and 1, respectively.
By comparing coefficients (3) can be considered as a system of polynomial equa-
tions where c0 and the coefficients of p7, p28, . . . , s20 are considered to be the un-
knowns. This system consists of 126 unknowns and 126 equations, hence it is
expected to have at most finitely many solutions with fλ0 being one of them.
2.3. Walking on F . Assume we are given an explicit approximative equation
for fλ0 , then we are able to compute another approximative equation of a cover
fλ0+δ ∈ F with Ψ(fλ0+δ) = λ0 + δ for some sufficiently small δ ∈ C. This can
be achieved via Newton iteration by assembling the corresponding polynomial
equations similar to (3) and using fλ0 as the initial value.
Starting from an approximative equation of a cover fstart ∈ F we can find
an approximative equation for another cover fend ∈ F with prescribed λend :=
Ψ(fend) ∈ P1 \ {0, 1,∞} and prescribed ramification σend ∈ SNiin(C):
Let λstart := Ψ(fstart) and γ1 be a path in P
1 \{0, 1,∞} connecting λstart to λend.
Lift γ1 via Ψ to F from a path starting in fstart and ending in some element denoted
by f ∗end ∈ F , then Ψ(f ∗end) = λend. The ramification of f ∗end will be denoted by σ∗end.
According to the ramification of Ψ we can give a closed path γ2 in P
1 \ {0, 1,∞}
starting in λend with the property: The lifted path of γ2 in F via Ψ connects f ∗end
to another element fend with Ψ(fend) = λend and ramification σend. Using Newton
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iteration as explained before we can slightly deform fstart at its ramification locus
along γ2 ◦ γ1 to obtain an approximate equation for fend having the prescribed
ramification data.
2.4. Splitting behaviour of Ψ. The monodromy group of Ψ, generated by x, y, z,
turns out to be imprimitive acting on 24 blocks, each of size 2. The induced action
of (x, y, z) on the set B of these blocks, denoted by (x′, y′, z′) ∈ Sym(B)3, consists of
cycle structures (42.35.11, 72.41.31.21.11, 212). Since (x′, y′, z′) describes a genus-0
triple the cover Ψ splits as follows:
(4) Ψ : F Ψ2−→ P1µ Ψ24−→ P1λ
with a degree-2 subcover Ψ2 and a degree-24 subcover Ψ24 with ramification
(x′, y′, z′) over (0, 1,∞). The latter cover can be computed explicitly (using for
example the method explained in [2]):
(5) λ = Ψ24(µ) =
p24
q24
= 1− r24
q24
where
p24 :=
(
µ− 1
4
)(
µ2 − 11
16
µ+
1
8
)4(
µ5 − 137
4
µ4 +
178
3
µ3 − 34µ2 + 8µ− 2
3
)3
,
r24 := 243
(
µ− 1
2
)3(
µ− 1
3
)4(
µ− 5
16
)2(
µ2 +
1
3
µ− 1
6
)7
,
q24 := p24 + r24.
Recall that the cycle structures of (x, y, z) and (x′, y′, z′) are given by
(65.44.21, 74.43.32.21, 224) and (42.35.11, 72.41.31.21.11, 212).
It is now easy to see, that these cycle structures in combination with p24, q24 and
r24 uniquely determine the ramification locus RΨ2 ⊆ P1µ of the degree-2 subcover
Ψ2. We find RΨ2 = R0 ∪R1 ∪ R∞ with
R0 := Ψ
−1
24 (0) ∩ RΨ2
=
{
1
4
}
∪
{
roots of µ5 − 137
4
µ4 +
178
3
µ3 − 34µ2 + 8µ− 2
3
}
,
R1 := Ψ
−1
24 (1) ∩ RΨ2 =
{
5
16
,∞
}
,
R∞ := Ψ
−1
24 (∞) ∩ RΨ2 = ∅.
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2.5. A model for F . Since z′ has a unique fixed point and F is defined over Q
the function field analogue of (4) can be stated as
(6) Q(F) 2≥ Q(µ) 24≥ Q(λ).
where µ is a root of p24 − λq24 ∈ Q(λ)[X ] and Q(F) being the degree-2 extension
of Q(µ) corresponding to Ψ2. The computation of RΨ2 guarantees the existence
of a primitive element y ∈ Q(F), i.e. Q(F) = Q(µ, y), with defining equation
y2 = cP (µ) := c
(
µ5 − 137
4
µ4 +
178
3
µ3 − 34µ2 + 8µ− 2
3
)(
µ− 1
4
)(
µ− 5
16
)
for some square-free c ∈ Q which will be determined in 2.7. For this reason a
hyperelliptic Q-model for F can be chosen to be
(7) H := {(µ, y) : y2 = cP (µ)}.
Using this particular model Ψ2 is then given by Ψ2(µ, y) = µ for all (µ, y) ∈ H.
2.6. Field of definition for elements in F . Since H is a model for F , elements
of F are obtained via specializing F at points in H. The coefficients of a cover
f0 ∈ F are therefore contained in
(8) Q
(
µ0,
√
cP (µ0)
)
where µ0 := Ψ2(f0).
The explicit computation of Ψ2(f0) can be done in the following way: Write
λ0 := Ψ(f0). Then the fundamental group π1(P
1 \ {0, 1,∞}, λ0) acts on B and on
Ψ−124 (λ0) in equivalent ways, yielding an explicitly computable bijection χ : B →
Ψ−124 (λ0) respecting the latter equivalent actions. We obtain
(9) Ψ2(f0) = χ(B)
whenever the ramification of f0 is contained in a block B ∈ B.
In particular, if an explicit cover contained in F is already known with algebraic
numbers as coefficients, it is possible to determine the unknown rational scalar c.
2.7. Obtaining elements in F . By Riemann’s existence theorem there exists a
PSL6(2)-cover h : P
1 → P1 ramified over (0,∞,−1, 1) with ramification structure
(C3, C3, C1, C2). Then h
2 turns out to be a Belyi map with ramification locus
(0,∞, 1) and monodromy group contained in PSL6(2) ≀C2 ≤ S126. Its ramification
consists of cycle structures (620.23, 620.23, 244.138). Using the method described in
[2], this Belyi map of degree 126 can be computed explicitly. Clearly, this yields a
defining (approximative) equation for h.
After applying suitable Mo¨bius transformations and slightly moving the ram-
ification points of h using Newton iteration we obtain a complex approximation
of a cover fstart ∈ F with Ψ(fstart) = λ0 := Ψ24(16). The approach described
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in 2.3 allows the computation of a complex approximation of a cover fend ∈ F
with Ψ(fend) = λ0 and ramification contained in B ∈ B such that χ(B) = 16 . In
combination with (9) this implies Ψ2(fend) =
1
6
∈ Q. Due to (8) the coefficients
of fend can be recognized in the quadratic number field Q(
√
cP (Ψ2(fend))) =
Q(
√−c · 3 · 7 · 457). With the help of Magma we find c = 3. Note that H from
(7) is finally computed.
2.8. Computing the universal cover F . Any coefficient of F ∈ Q(F)(X) =
Q(µ, y)(X) from (2) can be expressed as
H1(µ) + yH2(µ)
where H1, H2 ∈ Q(µ). By slightly moving the ramification points of fend via
Newton iteration as described in 2.3 we obtain many defining equations of covers
f ∈ F such that Ψ2(f) is a rational number close to Ψ2(fend). Considering (8)
the coefficients of f are then contained in Q(
√
3P (Ψ2(f))), allowing us to read
off H1(Ψ2(f)) and H2(Ψ2(f)). Therefore, both H1 and H2 can be computed by
interpolation. The resulting universal cover F = p
q
is presented in file 3.3A.
Remark. The standard approach of computing a hyperelliptic model H for F
consists of finding a polynomial relation between λ and a fixed coefficient of
F which are usually expected to generate the entire function field Q(F) with
[Q(F) : Q(λ)] = 48. This is achieved by interpolation via computing several ele-
ments f ∈ F such that Ψ(f) ∈ Q and recognizing the previously fixed coefficient
as algebraic degree-48 numbers. A Riemann-Roch space computation then leads
to the hyperelliptic model H.
Our approach takes advantage that the monodromy group of Ψ is imprimitive
with an explicitly computable genus-0 subcover Ψ24. As explained in 2.5 and 2.7
this yields a defining equation for H after recognizing only a degree-2 number.
3. Verification and Consequences
An essential tool for the upcoming verification process is the following crite-
rion that guarantees the existence of subgroups of a Galois group having specific
properties. Similar techniques have already been applied for example by Malle,
see [10].
Lemma 3.1. Let K be an arbitrary field and f(t, X) ∈ K(t)[X ] a separable and
irreducible polynomial. Furthermore, let p, q ∈ K[X ] be coprime polynomials such
that p− tq ∈ K(t)[X ] is separable and f(p(t)
q(t)
, X) ∈ K(t)[X ] splits nontrivially into
irreducible factors of degree d1, . . . , dr. Then the following holds:
(a) The Galois group Gal(f | K(t)) has a subgroup of index dividing deg(p − tq)
with orbit lengths d1, . . . , dr.
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(b) If Gal(p− tq | K(t)) is primitive and both Gal(p− tq | K(t)) and Gal(f | K(t))
have the same order, then the splitting fields of p−tq and f over K(t) coincide.
Proof. (a) Let Ωf (resp. Ωp−tq) be the splitting field of f (resp. p − tq) over K(t)
and s a root of the irreducible polynomial p − tq ∈ K(t)[X ]. Then t = p(s)
q(s)
and,
according to the assumption, f(t, X) = f(p(s)
q(s)
, X) splits over K(s) into irreducible
factors of degree d1, . . . , dr. This also holds if we factorize f over Ωf ∩ K(s).
Therefore, Gal(Ωf | Ωf ∩ K(s)) ≤ Gal(Ωf | K(t)) is of index dividing [K(s) :
K(t)] = deg(p− tq) with orbit lengths d1, . . . , dr.
(b) Recall that f splits nontrivially over K(s), thus K(s) ∩ Ωf 6= K(t). Since
Gal(p − tq | K(t)) is primitive, the latter yields K(s) ∩ Ωf = K(s), therefore
K(s) ≤ Ωf . Of course, the normal closure of K(s) over K(t) is also contained
in Ωf , thus Ωp−tq ≤ Ωf . Due to |Gal(p − tq | K(t))| = |Gal(f | K(t))| we find
Ωp−tq = Ωf . 
Lemma 3.2. Let G be a 2-transitive subgroup of S63 that contains a subgroup of
index dividing 63 with orbit lengths 31 and 32. Then, G is isomorphic to PSL6(2).
Proof. This follows immediately from the classification of finite 2-transitive groups
which relies on the classification of finite simple groups. We indeed do not require
such a strong result:
As explained by Dembowski [5, 2.4.3 and 2.4.5] we have G ≤ Aut(D) where
D is a symmetric 2-(63, 31, λ)-design D for some λ ∈ N. An easy combinatorial
consideration yields λ = 15. Thus, by a result of Kantor [7], D must be isomorphic
to the projective space PG(5, 2). Since Aut(PG(5, 2)) = PSL6(2) does not contain
any proper 2-transitive subgroups, we conclude G ∼= PSL6(2). 
Theorem 3.3. Let H be the curve computed in 2.5 and 2.7 with defining equation
y2 = 3
(
µ5 − 137
4
µ4 +
178
3
µ3 − 34µ2 + 8µ− 2
3
)(
µ− 1
4
)(
µ− 5
16
)
.
Furthermore, let
F :=
p
q
∈ Q(H)(X) = Q(µ, y)(X)
be the rational function computed in 2.8, see ancillary file 3.3A, and Ψ24 =
p24
q24
the
map from (5). Then the following holds:
(a) The polynomial p − tq defines a regular PSL6(2)-extension of Q(µ, y, t). The
ramification locus with respect to t is given by R := (0,∞, 1 +√Ψ24(µ), 1 −√
Ψ24(µ)) with ramification structure (2
28.17, 216.131, 320.13, 320.13).
(b) Every cover in F is obtained in a unique way via specialization of F at some
point in H.
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Proof. (a) We firstly verify that f := p − tq is ramified over R with ramification
structure C from the introduction. This can be done by studying the inseparability
behaviour of f at the places t 7→ t0 for t0 ∈ R. The corresponding factorizations
are given in the file 3.3B. In particular, the behaviour above 1 ±√Ψ24(µ) was
obtained by interpolating the factorizations of several specialized polynomials.
The ramification locus of f cannot be larger than R, otherwise it would contradict
the Riemann-Hurwitz formula.
Let Ω be the splitting field of p− tq over Q(µ, y, t). Then, the geometric mon-
odromy group G := Gal(Ω | (Ω∩Q(µ, y))(t)) is normal in A := Gal(Ω | Q(µ, y, t)).
We now consider the specialization of f = p − tq at the point (0, 1
8
√−10) ∈ H,
denoted by
(10) f0 = p0 − tq0 ∈ Q(
√−10, t)[X ].
Note that f0 is still ramified over 4 points. Write Ω0 for the splitting field of
f0 over Q(
√−10, t). Then, by [11, Theorem III.6.4] and its proof, we find G ∼=
G0 := Gal(Ω0 | (Ω0 ∩Q)(t)). Using the fact that f0(p0(t)q0(t) , X) and f0(
p0(t)
q0(t)
, X) split
over Q(
√−10, t) into irreducible factors of degree 1, 62 and 31, 32, see file 3.3C,
Lemma 3.1(a) implies that A0 := Gal(Ω0 | Q(
√−10, t)) must be a 2-transitive
group that contains a subgroup of index dividing 63 with orbit lengths 31 and
32. According Lemma 3.2 the group A0 turns out to be PSL6(2). Since A0 is
simple and G0 is normal in A0 we find G ∼= G0 ∼= PSL6(2). As PSL6(2) is also
self-normalizing in S63, we end up with A ∼= PSL6(2).
(b) We will use the following notation: For a rational function P over a field
of characteristic 0 we denote by QP the field extension of Q generated by the
coefficients of P .
The normalized discriminant δ of f = p− tq is a polynomial in QF [t]. Since the
roots of δ are given by the ramification locus of f its factorization in QF [t] is either
of the form δ = tk(t− (1+√λ))ℓ(t− (1−√λ))h or δ = tk(t2−2t+1−λ)ℓ for some
k, ℓ, h ∈ N where λ := Ψ24(µ). Both cases yield λ ∈ QF , therefore Q(λ) ⊆ QF ⊆
Q(µ, y) with [Q(µ, y) : Q(λ)] = 48. Fix (µ0, y0) ∈ H such that Ψ24(µ0) = 12 . Then,
for the specialization of F at (µ0, y0), denoted by F(µ0,y0), we compute [QF(µ0,y0) :
Q] = 48 using Magma. We end up with QF = Q(µ, y). From the latter we see that
µ and y are rational functions in the coefficients of F . Recall that for any λ0 ∈
P1\{0, 1,∞} we find distinct points (µ1, y1), . . . , (µ48, y48) ∈ H such that Ψ24(µk) =
λ0 for k = 1, . . . , 48. If we specialize F at these points we obtain 48 distinct
PSL6(2)-covers F(µ1,y1), . . . , F(µ48,y48) with ramification locus (0,∞, 1 ±
√
λ0) and
ramification structure C, which are all normalized with respect to inner Mo¨bius
transformations (in the sense of (ii)). Therefore, all covers F(µ1,y1), . . . , F(µ48,y48) lie
in F and correspond to all distinct 48 quadruples in SNiin(C). As a consequence,
each element in F can be obtained uniquely via specialization. 
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Remark. By looking at Theorem 3.3(b) and its proof we do not get any information
about the specialization behaviour of F at a point (µ0, y0) ∈ H with Ψ24(µ0) ∈
{0, 1,∞}. Assume, the specialization of F at (µ0, y0), denoted by F(µ0,y0), is a
degree-63 cover, then one of the following cases occurs:
Ψ24(µ0) ramification locus of F(µ0,y0) ramification structure of F(µ0,y0)
0 {0, 1,∞} contains C1, C2
1 {0, 2,∞} contains C2, C3
∞ {0,∞} only contains C1
In none of these cases PSL6(2) is the monodromy group of F(µ0,y0): Using Magma
we see that PSL6(2) does not contain generating tuples of length at most 3 satis-
fying the product 1 condition that correspond to the respective conjugacy classes.
With a little more effort we can deduce from Theorem 3.3 that PSL6(2) does
not occur as the monodromy group of a rational function in Q(X) ramified over
at least 4 points.
In order to achieve this result, we still have to study PSL6(2)-covers with rami-
fication structure C and ramification locus of type (0,∞,±√c). These covers can
be calculated explicitly by deforming the ramification locus of covers contained in
F via Newton iteration by assembling the defining equations explained in subsec-
tion 2.2.
Theorem 3.4. Let K be the degree-24 number field, c ∈ K the non-square and
p, q ∈ K[X ] the monic polynomials given in the ancillary file 3.4A. Then the
Galois group A := Gal(p − tq | K(t)) is isomorphic to PSL6(2) in its natu-
ral 2-transitive action on 63 elements. The ramification structure is given by
(228.17, 216.131, 320.13, 320.13) and the ramification locus with respect to t is given
by (0,∞,√c,−√c).
Proof. In the same fashion as in the proof of Theorem 3.3(a) it can be calculated
easily that the ramification locus of p− tq is indeed given by (0,∞,√c,−√c) with
ramification structure (228.17, 216.131, 320.13, 320.13), see file 3.4B.
Let Ω be the splitting field of p − tq over K(t). Recall that the geometric
monodromy group G := Gal(Ω | (Ω ∩K)(t)) is normal in A. Let p = (67, a + 7)
and q = (67, a+ 42) be the unique prime ideals of norm 67 in the ring of integers
OK ofK where a denotes the primitive element ofK used in file 3.4A. Write pp and
qp for the reduction of p and q modulo p. Accordingly, we define Ap := Gal(Ωp |
(OK/p)(t)) and Gp := Gal(Ωp | (Ωp ∩ OK/p)(t)) with Ωp being the splitting field
of pp − tqp over (OK/p)(t). Again, Gp is normal in Ap. Of course, we will use the
same notation for the reduction modulo q.
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Note that pp − pp(t)qp(t)qp and pp − 16 ·
pq(t)
qq(t)
qp split into irreducible factors of 1, 62
and 31, 32 over (OK/p)(t) ∼= F67(t). Therefore, by Lemma 3.1 and 3.2, the group
Ap must be isomorphic to PSL6(2). As Ap is simple, we see that Ap and Gp
coincide. Since p is a prime of good reduction for p − tq, we have Gp ∼= G by a
theorem of Beckmann, see [11, Proposition I.10.9]. Due to the fact that PSL6(2)
is self-normalizing in S63 we end up with A = PSL6(2). 
Corollary 3.5. The group PSL6(2) does not occur as the monodromy group of a
rational function in Q(X) ramified over at least 4 points.
Proof. Suppose, there exists a rational function f defined over Q ramified over
at least 4 points and monodromy group PSL6(2). As PSL6(2) is simple any non-
trivial decomposition f = g ◦ h implies Mon(h) ∼= PSL6(2), therefore we may
assume that f is indecomposable with primitive monodromy group. A Magma
computation shows that C is the only genus-0 class vector of length at least 4
containing generating tuples for PSL6(2) in a primitive permutation action, thus
f has degree 63 with ramification structure C = (C1, C2, C3, C3). The branch
cycle lemma, see [14, Lemma 2.8], asserts that the ramification locus of f is of the
form (a1, a2, a3, a4) where a1, a2 ∈ P1(Q) and a3, a4 fulfil a degree-2 relation over
Q. Hence, after applying a suitable outer Mo¨bius transformation we may assume
— without altering the field of definition — that f either has ramification locus
(0,∞, 1 ± √λ0) or (0,∞,±
√
λ0) for some λ0 ∈ P1(Q) \ {0, 1,∞}. We will now
study both cases:
(1) case (0,∞, 1±√λ0): Using the notation and result from Theorem 3.3(b)
there exist 48 specialized covers F(µ1,y1), . . . , F(µ48,y48) ∈ F with Ψ(F(µk ,yk)) =
λ0 for k ∈ {1, . . . , 48}. Up to inner Mo¨bius transformations f has to co-
incide with F(µk ,yk) for some k ∈ {1, . . . , 48}, therefore F(µk ,yk) also has to
be defined over Q, in particular (µk, yk) must be a Q-rational point on H
with λ0 = Ψ24(µk) 6∈ {0, 1,∞}.
Since H is given by a hyperelliptic genus-3 model and its Jacobian is of
Mordell-Weil rank 1, Chabauty’s algorithm (with the implementation in
Sage [13] presented in [1]) gives us the complete list of Q-rational points of
H. We find µk ∈ {12 , 13 , 14 , 516 ,∞} and for all these values we see Ψ24(µk) ∈{0, 1}, a contradiction.
(2) case (0,∞,±√λ0): After a suitable scaling process Theorem 3.4 gives us
48 different PSL6(2)-covers f1, . . . , f48 that satisfy condition (ii) with ram-
ification locus (0,∞,±1). Each cover is defined over a degree-48 number
field.
Since f√
λ0
has ramification locus (0,∞,±1) the cover f√
λ0
defined over a
quadratic number field has to coincide with fk for some k ∈ {1, . . . , 48} up
to inner Mo¨bius transformations, a contradiction.
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This shows that PSL6(2) cannot be the monodromy group of f . 
4. Non-regular extensions of Q(t) with Galois group Aut(PSL6(2))
Although our approach does not yield a PSL6(2)-polynomial over Q(t) we at
least get an explicit non-regular realization of Aut(PSL6(2)) over Q(t).
Theorem 4.1. Let f0 ∈ Q(
√−10, t)[X ] be the polynomial from (10), then the
Galois group of f0f0 over Q(t) is isomorphic to Aut(PSL6(2)) in its imprimitive
action on 126 points.
Proof. The Galois groups of f0 = p0 − tq0 and f0 = p0 − tq0 over Q(
√−10, t)
are isomorphic to the primitive group PSL6(2). According to Lemma 3.1(b) both
f0 and f0 have the same splitting field Ω over Q(
√−10, t) since f0(p0(t)q0(t) , X) is
reducible over Q(
√−10, t). Let Ω′ be the splitting field of f0f0 over Q(t) and
G := Gal(Ω′ | Q(t)). Clearly, Ω′ ≤ Ω. Since f0f0 is irreducible over Q(t) but
obviously reducible over Q(
√−10, t) we find √−10 ∈ Ω′, therefore Ω′ = Ω and
H := Gal(Ω | Q(√−10, t)) is a subgroup of G with index [G : H ] = [Q(√−10, t) :
Q(t)] = 2.
Let ϕ : G→ Aut(H) be the conjugation action of G on the normal subgroup H ,
x a root of f0 and y a root of f0. The point stabilizers Gx and Gy are conjugate in G
but not inH , because x and y have the same minimal polynomial over Q(t) but not
over Q(
√−10, t), therefore ϕ(H) < ϕ(G) and Inn(H) = ϕ(H) < ϕ(G) ≤ Aut(H).
Since |Out(PSL6(2))| = 2 and H ∼= PSL6(2) this implies ϕ(G) = Aut(H). In
combination with |G| = 2 · |H| = |Aut(H)| we see that ϕ is an isomorphism. 
Coincidentally, PSL6(2) also happens to contain a rigid, Q(
√−7)-rational genus-
0 generating triple sharing similar properties, in particular leading to (another)
non-regular Aut(PSL6(2))-extension of Q(t). For the explicit realization we again
apply the method explained in [2].
Theorem 4.2. Let p, q ∈ Q(√−7)[X ] be the polynomials of degree 63 from the
ancillary file 4.2A.
(a) The polynomial p − tq has Galois group PSL6(2) ≤ S63 over Q(
√−7)(t) with
ramification locus (0, 1,∞) and ramification structure (213,48.212.17,228.17).
(b) The product (p− tq)(p− tq) has Galois group Aut(PSL6(2)) ≤ S126 over Q(t).
Proof. The ramification can be checked by inspecting the inseparability behaviour
of p, q and p−q. A computation with Magma yields that p− p(t)
q(t)
q and p− p(t)
q(t)
q split
in Q(
√−7, t)[X ] into irreducible factors of degree 1, 62 and 31, 32, see file 4.2B.
By repeating the arguments from the previous proofs both assertions follow. 
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